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Abstract
We analyze the running gauge coupling at finite temperature for QCD, using the functional renormalization group. The running of the coupling
is calculated for all scales and temperatures. At finite temperature, the coupling is governed by a fixed point of the 3-dimensional theory for scales
smaller than the corresponding temperature. The running coupling can drive the quark sector to criticality, resulting in chiral symmetry breaking.
Our results provide for a quantitative determination of the phase boundary in the plane of temperature and number of massless flavors. Using
the experimental value of the coupling at the τ mass scale as the only input parameter, we obtain, e.g., for Nf = 3 massless flavors a critical
temperature of Tcr ≈ 148 MeV in good agreement with lattice simulations.
© 2007 Elsevier B.V.
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Open access under CC BY license.1. Introduction
Strongly interacting matter is believed to have fundamen-
tally different properties at high temperature than at low or zero
temperature [1]. Whereas the latter can be described in terms of
ordinary hadronic states, a hadronic picture at increasing tem-
perature is eventually bound to fail; instead, a description in
terms of quarks and gluons is expected to arise naturally owing
to asymptotic freedom. In the transition region between these
asymptotic descriptions, effective degrees of freedom, such as
order parameters for the chiral or deconfining phase transition,
may characterize the physical properties in simple terms, i.e.,
with a simple effective action [2].
If a simple description at or above the phase transition does
not exist and the system is strongly interacting in all conceiv-
able sets of variables [3], a formulation in terms of microscopic
degrees of freedom has the greatest potential to bridge wide
ranges in parameter space from first principles.
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Open access under CC BY license.In this Letter, we report a nonperturbative study of finite-
temperature QCD parameterized in terms of microscopic de-
grees of freedom: gluons and quarks. We use the functional
renormalization group (RG) [4–6] and concentrate on two prob-
lems which are accessible in microscopic language: first, we
compute the running of the gauge coupling driven by quan-
tum as well as thermal fluctuations, generalizing previous zero-
temperature studies [7]. Second, we investigate the induced
quark dynamics including its back-reactions on gluodynamics,
in order to monitor the status of chiral symmetry at finite tem-
perature. With this strategy, the critical temperature of chiral
symmetry restoration can be computed. This Letter is particu-
larly devoted to a presentation of the central physical mecha-
nisms which our study reveals for the dynamics near the phase
transition; all technical details can be found in a separate publi-
cation [8].
The functional RG yields a flow equation for the effective
average action Γk [5],
(1)∂tΓk = 12 STr ∂tRk
(
Γ
(2)
k + Rk
)−1
, t = ln k
Λ
,
where Γk interpolates between the bare action Γk=Λ = S and
the full quantum effective action Γ = Γk=0; Γ (2) denotes thek
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The regulator function Rk specifies the Wilsonian momentum-
shell integration, such that the flow of Γk is dominated by fluc-
tuations with momenta p2  k2.
An approximate solution to the flow equation can reliably
describe also nonperturbative physics if the relevant degrees of
freedom in the form of RG relevant operators are kept in the
ansatz for the effective action. As the crucial ingredient, the
choice of this ansatz has to be guided by all available physi-
cal information.
2. Truncated RG flow for thermal gluodynamics
In this work, we truncate the space of possible action func-
tionals to a tractable set of operators which is motivated from
various sources and principles. For the principle of gauge in-
variance, we use the background-field formalism as developed
in [9], i.e., we work in the Landau–de Witt background-field
gauge and follow the strategy of [7,10] for an approximate
resolution of the gauge constraints [11]. Decomposing the
gauge field into a background-field part and a fluctuation field,
this strategy focuses on the flow in the background-field sec-
tor of the action and neglects an independent running of the
fluctuation-field sector. In general, the solution of the strongly-
coupled gauge sector represents the most delicate part of this
study, owing to a lack of sufficient a priori control of nonpertur-
bative truncation schemes. A first and highly nontrivial check
of a solution is already given by the stability of its RG flow,
since oversimplifying truncations which miss the right degrees
of freedom generically exhibit IR instabilities of Landau-pole
type.
The IR stability of our solution arises from an important
conceptual ingredient: we optimize our truncated flow with an
adjustment of the regulator to the spectral flow of Γ (2) [7,12],
instead of a naive canonical momentum-shell regularization.
For this, we integrate over shells of eigenvalues of Γ (2), by in-
serting Γ (2) into the regulator and accounting for the flow of
these eigenvalues. More precisely, we use the exponential reg-
ulator [5] of the form Rk(Γ (2)) = Γ (2)/[exp(Γ (2)/Zkk2) − 1],
where Zk denotes the wave function renormalization of the cor-
responding field (gluons or ghost). In a perturbative language,
the optimizing spectral adjustment allows for a resummation of
a larger class of diagrams.
The main part of our truncation consists of an infinite set of
operators given by powers of the Yang–Mills Lagrangian
(2)Γk,YM[A] =
∫
x
Wk(θ), θ = 14F
a
μνF
a
μν.
In the function Wk(θ) = W1θ + 12W2θ2 + 13!W3θ3 . . . , the co-
efficients Wi form an infinite set of generalized couplings. This
truncation represents a gauge-covariant gradient expansion in
the field strength, neglecting higher-derivative terms and more
complicated color and Lorentz structures. Hence, the trunca-
tion includes arbitrarily high gluonic correlators projected onto
their small-momentum limit and onto the particular color and
Lorentz structure arising from powers of F 2. Since perturbativegluons are certainly not the true degrees of freedom in the IR, an
inclusion of infinitely many gluonic operators appears manda-
tory in order to have a chance to capture the relevant physics in
this gluonic language. The covariant gradient expansion does
not only facilitate a systematic classification of the gluonic op-
erators, it is also a consistent expansion in the framework of the
functional RG.1
Furthermore, our truncation includes standard (bare) gauge-
fixing and ghost terms, neglecting any nontrivial running in
these sectors. We emphasize that we do not expect that this trun-
cation reflects the true behavior in these sectors, but we assume
that the nontrivial running in these sectors does not qualitatively
modify the running of the background-field sector where we
read off the physics.
A well-known problem of gauge-covariant gradient expan-
sions in gluodynamics is the appearance of an IR unstable
Nielsen–Olesen mode in the spectrum [13]. At finite temper-
ature T , this problem is severe, since such a mode will be
strongly populated by thermal fluctuations, typically spoiling
perturbative computations [14]. Our flow equation allows us to
resolve this problem with the aid of the IR regulator. We remove
this mode’s unphysical thermal population by a T -dependent
regulator. In this way, we obtain a strictly positive spectrum for
the thermal fluctuations.
In the present truncation, the flow equation results in a dif-
ferential equation for the functionWk of the form
(3)∂tWk(θ) =F
[
∂θWk, ∂2θWk, ∂t ∂θWk, ∂t ∂2θWk
]
,
where the extensive functionalF depends on derivatives ofWk ,
on the coupling g and the temperature T ; it is displayed in [8].
We use the nonrenormalization of the product of coupling and
background field, gA, for a nonperturbative definition of the
running coupling in terms of the background wave function
renormalization Zk ≡ W1 [15]
(4)βg2 ≡ ∂tg2 = ηg2, η = −
1
Zk
∂tZk.
The flow of Zk , and thus the running of the coupling, is succes-
sively driven by all generalized couplings Wi . Keeping track of
all contributions from the flows of the Wi , Eq. (3) boils down
to a recursive relation
(5)∂tWi = fij (g, T )∂tWj ,
with fij (g, T ) representing the expansion coefficients of the
RHS of Eq. (3), which obey fij = 0 for j > i + 1. Solving
Eq. (5) for ∂tZk ≡ ∂tW1, we obtain a nonperturbative βg2 func-
tion in terms of an infinite asymptotic but resumable power
series
(6)βg2 =
∞∑
m=1
am
(
T
k
)
(g2)m+1
[2(4π)2]m ,
1 The gluonic gradient expansion as a local expansion can, of course, not
be expected to give reliable answers to all questions; for instance, bound-state
phenomena such as glue balls are encoded in the nonlocal pole structure of
higher-order vertices.
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T = 0,100,300 MeV compared to the one-loop running for vanishing temper-
ature.
with temperature-dependent coefficients am.2 For explicit rep-
resentations of the am and further details, we refer the reader
to [8]. At zero T , the βg2 function agrees well with perturba-
tion theory for small coupling, reproducing one-loop exactly
and two-loop within a few-percent error. For larger coupling,
the resumed integral representation of Eq. (6) reveals a sec-
ond zero of the βg2 function for finite g2, corresponding to
an IR attractive non-Gaußian fixed point g2∗ > 0, which con-
firms the results of [7]. The resulting zero-temperature flow
of the coupling is displayed by the (red) solid “T = 0” line
in Fig. 1. Deviations from perturbation theory become signif-
icant at scales below 1 GeV; the IR fixed-point behavior sets
in on scales of order O(100 MeV). As initial condition, we use
the measured value of the coupling at the τ mass scale [16],
αs = 0.322, which evolves to the world average of αs at the Z
mass scale. We stress that no other parameter or scale is used as
an input neither at T = 0 nor at finite temperature as described
below.
The appearance of an IR fixed point in Yang–Mills theories
is a well-investigated phenomenon in the Landau gauge [17],
where the running coupling can be defined with the aid of
the ghost-gluon vertex. Whereas the universal perturbative run-
ning of the coupling is identical for the different gauges de-
spite the different definitions of the coupling, we moreover
observe a qualitative agreement between the Landau gauge
and the Landau–de Witt background-field gauge in the non-
perturbative IR in the form of an attractive fixed point. This
points to a deeper connection between the two gauges which
deserves further study and may be traced back to certain non-
renormalization properties in the two gauges. Note that the IR
fixed point in the Landau gauge is in accordance with the Kugo–
Ojima and Gribov–Zwanziger confinement scenarios [18]. In
general, an IR fixed point is also compatible with the existence
2 An iteration of the same procedure would result in β functions for the other
higher-order couplings Wi with i > 1. We neglect these, since they do not exert
a direct influence on the quark sector discussed below.of a mass gap [7], since such a gap in the physical spectrum
typically induces threshold and decoupling behavior towards
the IR.
At finite temperature T , the UV behavior remains unaffected
for scales k  T and agrees well with the one-loop perturbative
running coupling at zero temperature, as expected.3 In the IR,
the running is strongly modified: the coupling increases towards
lower scales until it develops a maximum near k ∼ T . Below,
the coupling decreases according to a power law g2 ∼ k/T ,
see Fig. 1. This behavior has a simple explanation: the wave-
length of fluctuations with momenta p2 < T 2 is larger than
the extent of the compactified Euclidean time direction. Hence,
these modes become effectively 3-dimensional and their limit-
ing behavior is governed by the spatial 3d Yang–Mills theory.
This dimensional reduction has been discussed for the running
coupling in a perturbative weak-coupling framework in [20].
Our results generalize this to arbitrary couplings. As a non-
trivial new result, we observe the existence of a non-Gaußian
IR fixed point g23d,∗ also in the reduced 3-dimensional theory.
By virtue of a straightforward matching between the 4d and
3d coupling, the observed power law for the 4d coupling is a
direct consequence of the strong-coupling IR behavior in the
3d theory, g2(k 	 T ) ∼ g23d,∗k/T . We find a 3d fixed-point
value of α3d,∗ ≡ g23d,∗/(4π)  2.7 which demonstrates that the
system is strongly coupled despite the naive decrease of the
4d coupling; also the 3d background anomalous dimension is
large, approaching η3d → 1 near the IR fixed point. This sce-
nario is reminiscent to hot 4d φ4 theory which approaches a
strongly coupled IR limit at high temperatures analogous to the
3d Wilson–Fisher fixed point [21]. The observation of an IR
fixed point in the 3d theory again agrees with recent results in
the Landau gauge [22]. Note that our flow to the 3d theory is
driven by thermal as well as quantum fluctuations. This is dif-
ferent from a purely thermal flow [23,24] as used in [25], where
the IR limit is four-dimensional, being characterized by a de-
coupling of fluctuation modes owing to thermal masses.
The 3d IR fixed point and the perturbative UV behavior al-
ready qualitatively determine the momentum asymptotics of
the running coupling. Phenomenologically, the behavior of the
coupling in the transition region at mid-momenta is most im-
portant, which is quantitatively provided by the full 4d finite-
temperature flow equation.
3. Truncated RG flow for chiral quark dynamics
Extending our calculations to QCD, we first include the
quark contributions to all gluonic operators of our truncation,
as done in Ref. [26] for QED. This effectively corresponds to
Heisenberg–Euler-type quark-loop contributions to the flow of
3 Our truncation does not reproduce higher orders in the high-temperature
small-coupling expansion which proceeds with odd powers in g beyond one
loop [19]. These odd powers are a result of a resummation which, in the lan-
guage of the effective action, requires non-local operators, being neglected
so far. In any case, we do not expect the underlying quasi-particle picture of
these operators to hold near the chiral phase transition, such that their omission
should not qualitatively modify our low-temperature results.
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butions to the coefficients am in Eq. (6) and thus to the running
coupling, accounting for the screening nature of fermionic fluc-
tuations; here, we confine ourselves to massless quarks, but
current-quark masses can straightforwardly be included [8].
The determination of the critical temperature Tcr above
which chiral symmetry is restored requires a second crucial in-
gredient for our truncation: we study the gluon-induced quark
self-interactions of the type
(7)Γψ,int =
∫
λˆαβγ δψ¯αψβψ¯γ ψδ,
where α,β, . . . denote collective indices including color, flavor,
and Dirac structures. The resulting flow equations for the λˆ’s are
a straightforward finite-temperature generalization of those de-
rived and analyzed in [27,28] and will not be displayed here for
brevity. The boundary condition λˆαβγ δ → 0 for k → Λ → ∞
guarantees that the λˆ’s at k < Λ are solely generated by quark–
gluon dynamics from first principles (e.g., by 1PI “box” dia-
grams with 2-gluon exchange). We emphasize that this is an
important difference to, e.g., the Nambu–Jona-Lasinio (NJL)
model, where the λˆ’s are independent input parameters.
We consider all linearly-independent four-quark interactions
permitted by gauge and chiral symmetry. A priori, these include
color and flavor singlets and octets in the (S–P), (V–A) and
(V + A) channels. UA(1)-violating interactions are neglected,
since they may become relevant only inside the χSB regime
or for small Nf. We drop any nontrivial momentum dependen-
cies of the λˆ’s and study these couplings in the point-like limit
λˆ(|pi | 	 k). This is a severe approximation, since it inhibits a
study of QCD properties in the chirally broken regime; for in-
stance, mesons manifest themselves as momentum singularities
in the λˆ’s. Nevertheless, the point-like truncation can be a rea-
sonable approximation in the chirally symmetric regime, as has
recently been quantitatively confirmed for the zero-temperature
chiral phase transition in many-flavor QCD [27]. Our trunca-
tion is based on the assumption that quark dynamics both near
the finite-T phase boundary as well as near the many-flavor
phase boundary [29] is driven by similar mechanisms. Our re-
strictions on the four-quark interactions result in a total number
of four linearly-independent λˆ couplings; all others channels are
related to this minimal basis by means of Fierz transformations.
Introducing the dimensionless couplings λ = k2λˆ, the β
functions for the λ couplings are of the form
(8)∂tλ = 2λ − λAλ − bλg2 − cg4,
where the coefficients A, b, c are temperature dependent, A
being a matrix and b a vector in the space of λ couplings (for
explicit representations, see [8,30]).
Within this truncation, a simple picture for the chiral dynam-
ics arises: at weak gauge coupling, the RG flow generates quark
self-interactions of order λ ∼ g4 via the last term in Eq. (8)
with a negligible back-reaction on the gluonic RG flow. If the
gauge coupling in the IR remains smaller than a critical value
g < gcr, the λ self-interactions remain bounded, approaching
fixed points λ∗ in the IR. Technically, the ∼ g4 term is balanced
by the first term ∼ 2λ at these fixed points. The fixed pointsFig. 2. Running QCD coupling αs(k, T ) for Nf = 3 massless quark flavors and
Nc = 3 colors and the critical value of the running coupling αcr(k, T ) as a
function of k for T = 130 MeV (upper panel) and T = 220 MeV (lower panel).
The existence of the (αs, αcr) intersection point (marked by a circle) in the
former indicates that the χSB quark dynamics can become critical.
are the counter-parts of the Gaußian fixed point λGauß∗ = 0 in
NJL-like models (at g2 = 0), here being modified by the gauge
dynamics. At these fixed points, the fermionic subsystem re-
mains in the chirally invariant phase which is indeed realized at
high temperatures T > Tcr.
If the gauge coupling increases beyond the critical cou-
pling g > gcr, the IR fixed points λ∗ are destabilized and the
quark self-interactions become critical [27,28]. Then the gauge-
fluctuation-induced λ’s have become strong enough to con-
tribute as relevant operators to the RG flow, with the term
∼ λAλ dominating Eq. (8). In this case, the λ’s increase rapidly,
approaching a divergence at a finite scale k = kχSB. In fact, this
seeming Landau-pole behavior indicates χSB and the forma-
tion of chiral condensates: the λ’s are proportional to the in-
verse mass parameter of a Ginzburg–Landau effective potential
for the order parameter in a (partially) bosonized formulation,
λ ∼ 1/m2 [31,32]. Thus, the scale at which the self-interactions
formally diverge is a good measure for the scale kχSB where the
effective potential for the chiral order parameter becomes flat
and is about to develop a nonzero vacuum expectation value.
Whether or not chiral symmetry is preserved by the ground
state therefore depends on the running QCD coupling g relative
to the critical coupling gcr which is required to trigger χSB. For
instance, at zero temperature, the SU(3) critical coupling for the
quark system is αcr ≡ g2cr/(4π)  0.8 in our RG scheme [32],
being only weakly dependent on the number of flavors [27].
Since the IR fixed point for the gauge coupling is much larger
α∗ > αcr for not too many massless flavors, the QCD vacuum
is characterized by χSB. At finite temperature, the running of
the gauge coupling is considerably modified in the IR. More-
over, the critical coupling is T dependent, gcr = gcr(T /k). This
can be understood from the fact that all quark modes acquire
thermal masses and, thus, stronger interactions are required to
excite critical quark dynamics. This thermal decoupling is visi-
ble in the coefficients A, b, and c in Eq. (8), all of which vanish
in the limit T/k → ∞.
In Fig. 2, we show the running coupling αs and its critical
value αcr for T = 130 MeV and T = 220 MeV as a function of
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less quark flavors Nf. In the dashed-line region, we expect UA(1)-violating
operators to become quantitatively important. The flattening at Nf  10 is a
consequence of the IR fixed-point structure [8].
the regulator scale k. The intersection point kcr between both
marks the scale where the quark dynamics become critical. Be-
low the scale kcr, the system runs quickly into the χSB regime.
We estimate the critical temperature Tcr as the lowest tempera-
ture for which no intersection point between αs and αcr occurs.4
Compared to [8], we have further resolved the finite-T Lorentz
structure of the four-fermion couplings [30], resulting in a
slightly improved estimate for Tcr: we find Tcr ≈ 172+40−34 MeV
for Nf = 2 and Tcr ≈ 148+32−31 MeV for Nf = 3 massless quark
flavors in good agreement with lattice simulations [33]. The
errors arise from the experimental uncertainties on αs [16]. Di-
mensionless ratios of observables are less contaminated by this
uncertainty of αs. For instance, the relative difference for Tcr for
Nf = 2 and 3 flavors is T
Nf=2
cr −T Nf=3cr
(T
Nf=2
cr +T Nf=3cr )/2
= 0.150 . . .0.165 in rea-
sonable agreement with the lattice value5 of ∼ 0.121 ± 0.069.
Furthermore, we compute the critical temperature for the
case of many massless quark flavors Nf, see Fig. 3. We observe
an almost linear decrease of the critical temperature for increas-
ing Nf with a slope of Tcr = T (Nf)−T (Nf+1) ≈ 24 MeV for
small Nf. In addition, we find a critical number of quark flavors,
Ncrf = 12, above which no chiral phase transition occurs. This
result for Ncrf agrees with other studies based on the 2-loop β
function [29]; however, the precise value of Ncrf is exceptionally
sensitive to the 3-loop coefficient which can bring Ncrf down to
Ncrf  10+1.6−0.7 [27]. Since we do not consider our truncation to
be sufficiently accurate for a precise estimate of this coefficient,
our study does not contribute to a reduction of the current error
on Ncrf . Instead, we would like to emphasize that the flattening
4 Strictly speaking, this is a sufficient but not a necessary criterion for chiral-
symmetry restoration. In this sense, our estimate for Tcr is an upper bound for
the true Tcr. Small corrections to this estimate could arise, if the quark dynamics
becomes uncritical again by a strong decrease of the gauge coupling towards
the IR.
5 The large uncertainty on the lattice value arises from the fact that the statis-
tical errors on the Nf = 2 and Nf = 3 results for Tcr are uncorrelated.shape of the phase boundary near Ncrf is a generic prediction
of the IR fixed-point scenario: here, the symmetry status of the
system is governed by the fixed-point regime where dimension-
ful scales such as ΛQCD lose their importance [8]. In any case,
since Ncrf is smaller than N
a.f.
f = 112 Nc = 16.5, our study pro-
vides further evidence for the existence of a regime where QCD
is chiral symmetric but is still asymptotically free.
4. Conclusion
In summary, we have determined the χSB phase boundary in
QCD in the plane of temperature and flavor number. Our quanti-
tative results are in accord with lattice simulations for Nf = 2,3.
For larger Nf, we observe a linear decrease of Tcr, leveling off
near Ncrf owing to the IR fixed-point structure of QCD. Our re-
sults are based on a consistent operator expansion of the QCD
effective action that can systematically be generalized to higher
orders.
The qualitative validity and the quantitative convergence of
this expansion are naturally difficult to analyze in this strongly-
coupled gauge system, particularly for the gluonic sector. The
fact that our truncation results in a stable RG flow at strong in-
teractions is already a highly nontrivial check that any ansatz
which misses the true degrees of freedom generically fails.
A more quantitative evaluation of the validity of our expansion
will require the inclusion of higher-order operators in the co-
variant gradient expansion as well as higher-order ghost terms.
An inclusion of operators that distinguish between electric and
magnetic sectors at finite T , e.g., (uμFμν)2 with the heat-bath
four-velocity uμ, should facilitate to distinguish between differ-
ing coupling strengths in the two sectors, as done in [25] using
an ansatz inspired by hard thermal loop computations.
We observe an improved control over the truncation in the
quark sector at least for the chirally symmetric phase, which
suffices to trace out the phase boundary. Quantitatively, this has
been confirmed by a stability analysis of universal quantities
such as Ncrf under a variation of the regulator in [27] which
gives strong support to the point-like truncation of the quark
self-interactions. Qualitatively, the reliability of the quark trun-
cation can also be understood by the fact that the feed-back
of higher-order operators, such as ∼ (ψ¯ψ)4, is generally sup-
pressed by the one-loop structure of the flow equation.
Future extensions should include mesonic operators which
can be treated by RG rebosonization techniques [32]. This
would not only provide access to the broken phase and mesonic
properties, but also permit a study of the order of the phase
transition. For further phenomenology, the present quantitative
results that rely on only one physical input parameter can serve
as a promising starting point.
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